I. INTRODUCTION
Considerable progress has been made in recent years in our ability to estimate quantitatively overall macroscopic properties such as conductivity, Darcy permeability, viscosity, and the sedimentation coefficient of suspensions of spherical or cylindrical particles when the suspensions are homogeneous on a macroscale, i.e., a length scale large compared to the dimensions of the particles. A number of numerical techniques have appeared in the literature to solve the many-particle interactions either in a rigorous manner or in an approximate manner (see, for example, Refs. 1-8).
Similarly, a number of continuum theories have also been developed for predicting the macroscopic transport properties, which, although somewhat nonrigorous, give estimates of the macroscopic properties that are in reasonable agreement with their actual values determined either experimentally or numerically via the many-particle calculations (see, for example, Refs. [7] [8] [9] [10] . These continuum theories have been extended recently also to treat the problems in which either the suspension does not appear homogeneous on the macroscale or the length scale on which a transport process such as the heat conduction occurs is comparable to the dimension of the particles. [11] [12] [13] Since the exact numerical or experimental results for this latter category of problems are not widely available in the literature, our present efforts are directed toward developing efficient numerical techniques to solve such problems.
In this paper we present a technique suitable for solving the transport problems in the vicinity of an "interface" of a suspension with a fluid. Note that since the same fluid is also the continuous or the suspending medium in the suspension, the "interface" betwee9 the suspension and the fluid is unlike the usual interfaces that imply a clear boundary between two phases. Although both "phases," i.e., the fluid and the suspension, appear homogeneous on suitably defined macroscales, it is clear that for any transport process occurring near the "interface," which typically spreads a few diameters wide into both "phases," the media cannot be treated as homogeneous. In fact, the precise definition of where the "interface" is located is necessary, in general, to make a meaningful comparison between the exact numerical results and the approximate continuum theories. Since the variation of the pressure, velocity, or temperature with the distance from the "interface" is of primary interest, we shall consider here a somewhat idealized situation in which the suspension, which occupies a half-space XI> 0, consists of a continuous fluid medium and the spherical particles whose centers are located on the planes equidistant from each other and with the centers of the particles on any given plane forming a planar periodic lattice, the period of all the lattices being the same. In other words, we shall consider various transport problems for the semi-infinite periodic suspensions. When the particles are held fixed, the suspension serves as a model for a granular porous medium or a filter cake.
Recently, Larson and Higdon l4 , 15 have determined the detailed velocity and pressure distributions for a shear flow past a semi-infinite array of infinitely long parallel cylinders. They considered both the cases of mean flow parallel as well as perpendicular to the axes of the cylinders and solved the Poisson and Stokes equations numerically using a boundaryintegral method. In addition to the detailed calculations of the velocity and pressure distributions, these authors also reported the slip coefficients (defined in Sec. III) for various volume fractions of the cylinders arranged in a semi-infinite array. The approximate theory of Brinkman and the work of other investigators on this problem have been summarized in detail by Larson and Higdon and hence we shall not repeat it here. The necessary points relevant to our calculations will be discussed in Sec. III where this problem is treated in detail.
The numerical technique we have developed is different from the one employed by Larson and Higdon and it makes use of the planar singular solutions of the Laplace and Stokes equations. These singular solutions were first developed by Ishii 16 who used them to determine the flow in the entrance region of the semi-infinite array, i.e., for the case of a mean flow along the XI direction. Using these solutions, Ishii estimated the drag forces on the spherical particles arranged in a semi-infinite array when the volume fractions of the particles are small. This method has been extended here to obtain numerical results for the complete range of volume fractions of the spherical particles. Briefly, the velocity field in the fluid is first expressed in terms of various derivatives of the singular solutions of the governing equations with the singularities located inside each particle. It is assumed that the velocity field around each particle in any given X I plane is identical and hence the strengths of the singularities vary only among the particles located in different X I planes. These strengths are determined by satisfying the appropriate boundary conditions on the surface of the particles. Using this technique, we obtain the solutions of the following four problems; (i) a slip flow or the shear flow past a porous surface; (ii) a normal flow in the entrance region of a porous medium; (iii) a thermal conduction near the boundary of a composite medium; and (iv) a diffusion accompanied by a chemical reaction near a porous catalyst. For each of these problems, a comparison with appropriate continuum theories is also made to assess the utility of these theories in correctly predicting the quantitative behavior of the transport processes near the "interface" of the suspensions and the fluid. In particular, we find that an approximate method recently proposed by Chang and Acrivos
-
11 provides an excellent estimate of the slip coefficient in problem (i) for the complete range of volume fractions of the spheres but fails to give the correct estimates for problems (ii) and (iii), in which the pressure and temperature slips are determined, in that the approximate theory predicts zero values for these slips whereas the exact calculations give small but nonzero values of these quantities. In view of the rather small numerical values of these slips, however, the failure of the approximate method for these two problems must be regarded as minor. Finally, an approximate theory formulated by Brinkman 17 gives better estimates in the case of problem (iv), where the comparison is limited to slow to moderately fast reactions. By combining the results of exact calculations with the continuum theory of Brinkman, we also estimate the bulk diffusivities of porous media in the presence of a chemical reaction. Our detailed comparison of the exact results with the approximate theories for these four problems suggests that, in general, the approximate theories provide fairly accurate estimates of the transport coefficients related to the "interfaces" of porous media with the continuous fluid. In particular, the approximate theories give very good estimates even when the ratio of the length scales based on the relevant macroscopic properties, such as the permeability, to the microstructure length scale, is much smaller than unity.
We wish to note that although in a number of problems, such as the convective heat transfer, the finite nature of the "interface" or its curvature must be taken into account for a proper modeling of the transport phenomenon near the "interface," the solutions presented in this paper, which assume identical temperature or pressure fields around each sphere in a given x I plane, will be useful in the analysis of the "inner region" near the "interface." The outline of the paper is as follows. In Sec. II we s~all begin with the definition and description of the planar singular solutions and their derivatives. In Secs. III-VI these singular solutions are employed for determining the solutions of the four problems listed earlier and the numerical results for various interface-related properties thus obtained are compared with the approximate continuum theories. In Sec. VII, we summarize the important conclusions of the study.
II. THE PLANAR SINGULAR SOLUTIONS OF THE STOKES AND LAPLACE EQUATIONS
Since the planar periodic singular solutions are employed in constructing the solutions of the problems considered in this paper, we describe them in detail here.
A fundamental singular solution ofthe Stokes equations of motion satisfies ' au.
where r a represents the position vector of a representative lattice point on the plane XI = xf, U; and P are the velocity and pressure, Ff is a constant, and rl are the lattice vectors given by
Here h is a length characteristic of the lattice dimension and 8 z and 8 3 are the dimensionless basis vectors of the planar array. Physically, U j and P correspond to the velocity and pressure fields caused by point forces Ff acting on the fluid through the lattice points on the plane x I = xf.
The solution of ( 1 ) and (2) subject to the condition that U j and P must vanish at infinity was obtained by Ishii, 16 who expressed it in terms of two functions which he referred to as SI and S2' Since we have employed the symbols SI and Sz in the past to denote the singular solutions of the three-dimensionallattice, we shall refer to Ishii's functions by 1111 and 111 2 , Thus
41T aX j aX j
The functions ' 11 1 and 1112 are given by
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Here e 1 is a unit vector along the x I axis, b 1 and b J are the basis lattice vectors in the reciprocal lattice, and q2 and q3 are related to the components ofb 1 , b J , and I. The prime above the summation sign in (8) implies that the term with 12 = 13 = 0 is excluded from the summation. The area of the unit cell for the planar lattice is denoted by ' T". The functions '1'1 and '1'2 satisfy the following differential equations:
In view of ( 11), '1'1 may be regarded as a solution of a thermal conduction problem with sources of thermal energy situated at the lattice points surrounded by sinks of uniform density on the plane XI = O. Because of this property of 'I' I' it is readily seen that'l'l represents the periodic singular solution of the Laplace equation. Since we shall need to evaluate various derivatives of '1'1 and '1'2' we next describe three different methods to evaluate the derivatives.
A. The first method
This method is suitable for IxIi greater than, say, h /2. Integrating (8) with respect to k we obtain, for m = 1,
'T"ql where ql = q2e2 + q3 e J , S = x 2 e 1 + x 3 e J •
The above expression for '1'1 can be readily differentiated. Thus, for example, IX, I,  where A _ {I,
The series in ( 16) converges rapidly for Ix II > h /2. Similar integration for '1'2 yields 11. _~, -1 (2 Ishii 16 and Born and Misra,18 we obtain
where
In the above expressions cP is the incomplete gamma function and p is an arbitrary constant whose value may be chosen so as to facilitate the subsequent calculations, a typical choice beingp = 1Th 2. Although C n can also be expressed in terms of a series in incomplete gamma functions, we have found it more convenient for the subsequent calculations to leave it as a double integral. Now each term in (20) may be differentiated separately.
To differentiate C) ' we employ a theorem of Hobson 19 according to which
for any homogeneous polynomial functionl n of degree n in XI' X 2 , and X 3 • This yields
Note that for XI = 0, only the term with 2s = n -A is nonzero.
It does not appear possible to reduce C n to a simple summation over 1 after its differentiation for an arbitrary X I. However, since we are primarily interested in using this method for small Ix II, we may first differentiate C n with respect to X I and then expand exp( -21Tikx I) in a Taylor series near X I = o. The resulting series is then termwise integrable yielding
for even values of n -A; the result of differentiation is zero for odd values of n -A. We note that the infinite series inp reduces to a single term corresponding to p = 0 when x I equals zero, whereas for XI #0, the above series in XI converges only for Ixd <h.
To differentiate C III , the singular part in <I> _ m _ 112 at X I = 0 is first extracted from it and the regular part is then expanded in a Taylor series. Thus we use the expansion 
where C i'i, denotes the regular part of C m . Once again, only one term, with 2p = n in (29) remains nonzero when X I = O. In case it is necessary to evaluate the derivatives of C III for nonzero but small lXII, we may use the following formula obtained by a direct differentiation of C III :
c.
The third method
This method is suitable for evaluating higher-order derivatives of'll m' Combining the Green's function for the Laplace equation in an infinite domain with (11), we obtain 'l'1(r)=I( 1 _2-( dr'), (31) I Ir -rll 'T Jr, Ir -r'l where r' is the variable of area integration in the Ith unit cell. Note that although the sum over all 1 does not converge individually for each term on the rhs of (31), the difference between the two must converge since '1'1 is a finite function. It may be also noted that the second term on the rhs of (31 ) is a Laplace function of Ix II and hence it must be of the form C 1 IXII + C 2 , where C I and C 2 are constants with Iczl-00 as more terms in the sum are included. Since we are interested in using this method to evaluate only the higher-order derivatives of '1'1 and '1'2' we note that the derivatives of the second term on the rhs of (31) vanish identically yielding the following formulas:
The restrictions on n in the above formulas are determined from the requirement that the sums in them must converge.
In practice, 'I'm calculated from the above equations converges rapidly for n>8. This method is also useful in verifying the accuracy of the formulas derived by the first two methods.
III. SHEAR FLOW
A. The statement of the problem and the method of solution As a first application of the planar singular solutions described in Sec. II, we consider the problem of determining the velocity field near the surface of a porous medium. Thus we suppose that the spherical particles of radius a are held fixed with their centers at
The model of the porous medium is shown in Fig. 1 . The fluid motion satisfies the Stokes equations of motion plus the following boundary conditions: where ur will be presently specified and F" is an unknown referred to as the strength of a singularity. Owing to linearity of the governing equations, we must have that F(n)=A(n+2):r(2) ' with (r(2»ij=r6,7.6jl' (37) where A(n + 2) is a tensor of rank n + 2 that depends only on the geometry of the array. We shall restrict our attention to the semi-infinite cubic arrays, for which the tensor A must be a function of the orientation of the array, which is taken to be along the XI axis, and must have components that remain unchanged upon a 90· rotation of the X2 and X3 axes in the X I plane. Upon using the most general forms of the tensors satisfying the above two conditions and rearranging, we finally arrive at 'III and ' 11 2 are evaluated at r -ra. Now we determine ur from the boundary conditions for U i at XI = ± 00 and from the requirement that the velocity field must be a continuous and differentiable function at all points in the fluid. The latter condition, in particular, requires that (42) must also be continuous everywhere in the fluid. Clearly since the terms in the parentheses on the rhs of the above equation are singular on the X I = xf planes, the function u! must also be singular so that it cancels these singularities identically. Thus on noting that, for any r inside the fluid [cf.
we obtain, after adding up to linear terms in X I' the following expression for u!: 
wheresgn(x) is + 1 forx>Oforx=O,and -1 forx<O.
Now it is easy to show [cf. (13) ] that ' 11m (r -ra) approaches zero exponentially as Ix I -xf I-00 and hence, provided that Ga and Ha also tend to zero sufficiently rapidly, we may ignore the terms containing 'III and ' 11 2 in (42) and satisfy the boundary conditions for U 2 at X I = ± 00 simply by considering u! alone. Thus, on noting that 1::.0 = 2, (45) yields
From (46) and (47) we obtain
where e.d. t. stands for the terms that decay to zero exponentially as x I .... -00. The term Us, which depends only on the geometry of the array and the volume fraction of the spheres in the array, will be referred to as the slip coefficient of the array. The result (49) can be interpreted as follows. First of all, it is easy to show that the constant A ~ is related to the drag force Fa on the spheres in the X I = xf plane by a simple relationship Fa = 81Tf-lA ~, where f-l is the viscosity of the fluid. Thus the second equality in (49) is equivalent to (52) a or, in other words, the sum total of the frictional forces exerted on the solids in the porous medium per unit cross-sectional area is equal to the shear stress in the fluid at X I = -0 0 -a result that can also be derived from the principle of overall conservation of momentum.
Returning to the choice of ur, we observe that since each of the terms associated with 'III or 'liz in (38) and (40) involves a differentiation with respect to X z or x 3 ' they are well behaved at all points in the fluid and, consequently, uT
The expressions (38)- (40), (45), (49), and (51) together represent the formal solution for the velocity field. This solution satisfies all the conditions listed in (35) except for the no-slip boundary condition on the surface of the spheres, which we consider next. From experience with similar problems in the past, we know that it is best to satisfy the no-slip boundary condition on the spheres by expanding the velocity field in terms of spherical harmonics near their centers. Accordingly, we first express U i near the center of a sphere located on the x) = xf plane as a sum of singular and regular terms: (53) where u:'a is singular and u~.a is regular at r = ra. Clearly the terms containing A ~m' B ~m' and C ~m in the general solution contribute to u:. a and the remainder to u~a' Next, we expand the regular part of u i in spherical harmonics by using a result given in Ref. 8, according to which the coefficient of Y:;' [cf. (55) ] is given by
with
m=O,
Here r, 0, and t/> are the spherical polar coordinates measured from the center of the sphere on the x) = xf plane.
This completes the description of the formal solution for the velocity field. The infinite series in a, n, and m in this solution can be suitably truncated and, by solving the equations that result upon application of the no-slip boundary condition to the spheres on each of the planes, the velocity field and Us can be determined numerically. Before we present the numerical results, however, we shall analyze analytically the case of dilute arrays, i.e., a <.h.
B. The low volume fraction asymptote
In this limit we anticipate that the flow field will be adequately approximated even if we retain only one singularity per particle. Accordingly we retain the force singularity (the Aoo term) for each particle and equate to zero the coefficient of yg in the expansion of U 2 around the center of each particle. Thus the velocity field is approximated as
where we have used the fact that Fa = 81Tf.lA &. Next, we note that, in view of ( 11) and ( 12), 'I' ) and '1'2 must have the following expansions near their singularities:
( 58) On equating to zero the coefficient of yg in the expansion of U2 near a sphere on the x I = x,:" plane, we obtain
wherefPma is the regular part of 'I' I -a2'1'2/aX~ evaluated at rm -ra. [Note that the singular part of the latter quantity arises only for m = a and the term Fm/61Tf.la in (59) (60) into (52), we obtain
Now fPma decays exponentially with the increase in 1m -a I independently of a and hence we may neglect the third term on the rhs of (59) 
with a relative error of O(a).
Substituting (60) into the remainder of (59) then yields a leading-order approximation for a: ( 62) where 1 is the minimum distance between two successive x I planes on which the centers of the spheres are located (cf. Fig. 1 ). Combining (61) and (62) we obtain the following approximation for Fa: '" . (63)
The slip coefficient Us is given by
f.lY 61Ta
( 64) where we have chosen L=x: = 0 (cf. Fig. 1 ). Let us now express the above results in terms of the permeability of the array. In this limit of infinite dilution, a <. h, the permeability is given by koo =TI/61Ta, (65) so that the slip coefficient is given by
This result for very dilute arrays was also given by SatTman. 20 Since to this order of approximation Fa equals the Stokes drag 61Tf.luaa, where u a is the mean velocity of the fluid in the neighborhood of x I = xf, independently of the detailed arrangement of the particles, it is not surprising that our result agrees with that given by SatTman. We also note that the ratio of the drag forces on the spheres in successive planes is given by
which is in agreement with the estimate first given by Brinkman 17 who derived it by invoking an ad hoc approximation.
Although the results derived here merely confirm the analyses of the previous investigators, it must be appreciated that the derivation has followed a ditTerent approach than in the past and is capable of extension to higher orders in a/h. Thus, for example, at the next order of approximation the geometry ofthe array becomes important and k co in (67) and these were evaluated by the methods described in Sec. II for the three cubic arrays separately and stored in the computer for repeated use. A typical run for a given a/ h took anywhere from 10 sec to 1 min of CPU time on an IBM 4341 computing machine; thus the method described here was found to be very efficient.
Before we present the results of the numerical computations, a few more points need to be discussed. First, the results will be presented in terms of a nondimensional radius X defined by 27
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where ¢m is the maximum allowable volume fraction at which the spheres begin to touch their neighbors. Its value along with various other parameters, such as the basis vectors of the lattice, I and T, for the three cubic arrays, the simple cubic (sq, the body-centered cubic (BCC), and the face-centered cubic (FCC), are given in Table I .
An important result of our study is the ability to determine the detailed velocity field near porous surfaces. However, the three-dimensional velocity profiles are rather tedious to report and hence we shall restrict ourselves here to only the discussion of the numerical results for Us and R defined in Secs. III A and III B. As mentioned in Sec. I, and also by Larson and Higdon l4 • 1S and Saffman,20 a change in the definition of the position of the nominal "interface" by a distance comparable to the microscale length h will produce an O( I) change in Us when the permeability of the medium is not very large or, equivalently, when a/h is not small ( ,jk >J> h). In practice, however, it is seldom possible to define precisely the location ofthe "interface," as the microscale is usually very small. Thus admittedly, from the practical standpoint, the determination of Us at very high volume fractions is perhaps not of great significance. On the other hand, as mentioned in Sec. I, there is considerable interest in assessing the accuracy of the continuum approximate theories proposed in the literature as far as their application to the problems in which the length scale relevant to the macroscopic property (,jk in the present case) and the microscale are of comparable magnitUde. In this sense, the results for large volume fractions provide the most stringent tests for the approximate theories, and thus are quite useful.
To make the comparison between the exact results and the approximate theories meaningful at large volume fractions, we must define the location of the "interface." We have chosen the "interface" so that the first row of spheres are located at a distance L = 1/2 (cf. Fig. 1 ), mainly to ensure that each sphere in the porous medium can be regarded to be exactly at the center of a three-dimensional unit cell of width I. This choice of L is different from the one employed in Sec. II B, viz., L = 0, but it can be easily confirmed that the leading-order approximations derived there remain valid independently ofthe choice of L as long as L<t".Jk.
Finally, we also wish to note that Larson and Higdon 14 ,15 defined the nominal interface by choosing L = 0 and then employed two different definitions for the slip coefficient based on the volumetric flux of the fluid both above and below the nominal interfaces (denoted in their papers by 
A. S. Sangani and S. Behl Q + and Q -), whereas we have chosen the far-field (x I --> -(0) behavior of U 2 to define Us. Since the averages of \III and \11 2 over any (two-dimensional) unit cell in an x I plane not passing through the particles are zero,
for any XI less than zero if no sphere passes through the XI plane. Thus the definitions of the slip coefficient based on the far-field behavior of U2 and Q + are equivalent as long as L is chosen such that the interface does not intersect the spheres.
The results of the numerical computations for Us and R for various X for the three cubic arrays are given in table II under the heading of "exact" to distinguish them from the predictions of the approximate theories to be described in Sec. III D. For smaller values of X, less than approximately 0.6, theratioR = F a + I/Fabecamenearlyindependentofa for a>2 and the reported values of R correspond to these constant values. For larger X for which R varied considerably with a, only the value corresponding to a = 1 is given; these are enclosed in parentheses to indicate that R is dependent on a.
We note that the coefficient Us remains positive for all X in the case of a simple cubic array but does become negative at higher values of X for the body-and face-centered cubic arrays. It should be noted that with our choice of the defini- plausible at higher values of X. We also note that at higher values of X, greater than, say, 0.8, the ratio of the drag forces on the first two rows of spheres becomes negative, indicating the presence of regions of reverse flow.
To compare the numerical results with the asymptotic formulas derived in Sec. III C, we first note that the permeability of the porous medium is related to the infinite-dilution permeability by a correction factor K, which is defined as the ratio of the drag force on a sphere in an infinite array to the Stokes drag, by a simple expression k=k",/K, with K=.F/61rpUa. (72) As mentioned in Sec. III C, an analysis of the next to leading-order approximations for Us and R essentially replaces k", by the estimate of k provided by Hasimoto,21 according to which K= (1 +A.X) (Hasimoto) , (73) where A. equals 1.4168,1.5758, and 1.6210 for, respectively, the simple, body-centered, and face-centered cubic arrays. A comparison of the numerical results with the asymptotic relations of Sec. III C with this slight correction for the permeability shows an agreement within 5% for Us for X<O.1 and for R for X<0.2 for all the cubic arrays.
We now turn our attention to the comparison with the approximate theories.
D. Comparison with approximate continuum theories
In the approximate theories, rather than solving the governing equations for the actual two-phase geometry, one solves the appropriately modified equations in a continuum with suitably defined macroscopic properties. The so-called cell theory, the self-consistent approximation, the Brinkman approximation, and Methods A and B recently proposed by Chang and Acrivos in a series of articles (see, for example, Refs. 9 and 10) are all examples of such theories. Of special interest to us here is the approximate theory of Brinkman 17 and a recent method (equivalent to Method A) proposed by Chang and Acrivos. According to these two methods the mean flow satisfies
subject to the conditions that U 2 -->0 as X I --> 00 and au 2 / ax I --> -1 as X I --> -00. In the above expressions u 2 is the mean velocity, J.l(x l ) and K(X I ) are, respectively, the effective viscosity and the effective permeability of the continuum (both assumed to be functions of the distance from the "interface"), J.l* and k are the corresponding effective properties of the porous media in the bulk, i.e., as X 1--> 00, and p is the area fraction ofthe solids in the XI plane, the average in the bulk being t,6. Here for the sake of brevity we have taken the viscosity of the fluid to be unity. Clearly J.l* and k, the effective properties of the bulk, must be either supplied or estimated once again by an appropriate approximate method suitable for calculating the bulk propertIes. We shall presently return to the question of the proper choices for these two quantities, but first indicate that the main difference between the Brinkman and Chang-Acrivos approximations lies in the choice of p (x, ). Whereas the latter approximation requires the actual variation in p near the interface, the former assumes p to take the values corresponding to the bulk phases on either side of the interface. Thus in the Brinkman approximation we have
Equations (74)- (76) 
( 81) where we have chosen the ratio of U 2 at two different points separated by a distance equal to I as representative of R. Sangani and Ya0 8 has suggested that the best agreement between the approximate theories and the exact calculations for larger volume fractions is found only when the viscosity of the porous medium was taken to be either the same as that of the fluid or less than that of the fluid, which is in contrast to most self-consistent approximate schemes that predict the viscosity of the porous media to be greater than that of the fluid. In view of the above discussion it appears then that perhaps the most appropriate choice is to simply take IL* = 1, as was done previously by Brinkman '7 and Larson and Higdon. 14,15
The estimates of the slip coefficient and the drag ratio obtained by using the K values of Sangani and Acrivos and IL* = 1 in Brinkman relations (80) and (81) are given in Table II . We find that the agreement between the exact nu- merical calculations and Brinkman method is generally very good, particularly at lower values of X where the Brinkman estimates coincide with the asymptotic formulas derived in Sec. III B.1t is useful to note that Us obtained by the Brinkman method is exactly Jk I h, which is the ratio of the length scales based on the macroscopic property and the microstructure of the porous medium. Thus, for instance, it is remarkable that, as X varies from, say, 0.01 to 0.6, Brinkman estimates of the decay rate and slip velocity remain quite accurate even though the ratio of the two length scales varies from about 7 to 0.4. It is only for the larger volume fractions, when the regions of reverse flow begin to form near the "interface," that the Brinkman approximation begins to diverge from the exact numerical results, and, in particular, it fails to predict the reversal in the sign of Us at higher X. Recalling that X = 0.6 corresponds approximately to ¢ = 0.15, we may expect the Brinkman theory to give reasonably accurate estimates of the slip velocity and the decay rates for the periodic as well as random arrays of spheres for ¢ < 0.15.
As mentioned earlier, the approximate method of Chang and Acrivos required solving (74)- (76) numerically. The results obtained by this method are also given in Table II where only the values of Us are given. The R values were similar to the Brinkman approximation at low to moderate values of X and since the decay rate becomes a rather ill-defined quantity for X greater than approximately 0.6, it is not very meaningful to compare the decay rates at higher values of X. (Interestingly, though, the ratio of u 2 evaluated at x 2 = I + L to that at X 2 = I did give negative values, indicating the prediction of the reverse flow by the Chang-Acrivos method and, in addition, the numerical values of the ratio were also comparable to those obtained from the exact calculations.) At very low values of X, the numerical integration of (74 )-( 76) must be carried out to much higher x I and the step size for the integration must be kept sufficiently small for resolving the presence of the particles, hence the numerical calculations for X,0.05 may not be accurate and this is indicated by enclosing the estimates in parentheses. Apart from that, we find that the agreement between this approximate method and the exact calculations is excellent, particularly at volume fractions close to the maximum allowable for each of the three arrays. Unlike the Brinkman method, this method has been able to predict quite precisely the value of X beyond which the slip coefficient will become negative for each of the three arrays. It must be noted that the ratio of the so-called macroscale to the microscale, i.e., Jk Ih, is of Octo) for these arrays at close to the maximum allowable volume fractions and in spite of that the agreement between the approximate method and the exact calculations is very good.
Finally, it is of some interest to determine how sensitive the estimates obtained from the Chang-Acrivos approximation are to the choice of IL*. Therefore the values of Us for various assumed values of IL* were calculated. For example, for X = 1 and for the simple cubic array, the estimates of Us via the Chang-Acrivos approximation were found to be 0.21,0.17, andO.15, respectively, for IL* equal to 1.0,2.0, and 3.0, the corresponding exact numerical result for Us being 0.21. Thus we see that although the effect of varying IL* is relatively small, any attempt at evaluating it via a separate calculation will very likely yield poor estimates of the slip coefficients.
IV. FLOW IN THE ENTRANCE REGION
We now consider the problem of determining the velocity and pressure distributions in the entrance region of a viscous flow into a semi-infinite arrlly of equal size spheres.
Thus we shall assume that the mean flow is along the x 1 axis (cf. Fig. 1 For the case of a simple cubic array, Ishii reported the values of A f to be 1.440 62, 1.41872, 1.41864, and 1.41864, respectively, for a = 1,2,3, and 4. Ishii also quoted the corresponding values for the body-and face-centered cubic arrays. It was found that at such low volume fractions the flow becomes "fully developed" within approximately one or two rows of spheres and that the drag force on the first row of spheres was slightly greater than the rest in the case of a simple cubic array, but slightly lower than the rest in the case of the body-and face-centered cubic arrays for which the second row of spheres experienced the greatest drag force.
This slight difference in the behavior of the simple vis-a-vis
body-and face-centered cubic arrays was attributed to the presence of a flow meandering between the first two rows of spheres, which are arranged in a staggered configuration in body-and face-centered cubic arrays.
We follow the method described in Sec. III A to obtain a complete formal solution to the fluid motion for the present case: However, it must be noted that this is not the case as
clearly a regular function. The terms containing Ha result upon taking the Laplacian of the terms associated with Ga and hence they are also regular at all points in the fluid. Since a'IIl/ ax 1 is, however, singular on the planes x = xf, this singularity must be removed in calculating the terms associated with Ha in u I; this is indicated by an asterisk on '1'1 in the expression for u I' The same arguments apply to the '1'1 term operated by L in U I' Finally, it is interesting to note that the expressions for the velocity and pressure derived here resemble significantly those given earlier by Sangani and Acrivos 23 (who employed the triply periodic singular solutions ofHasimot0 21 ) even though the nature of higher-order tensors, which relate the strengths of singularities to the mean flow vector [by relations similar to (37)], having the cubic symmetry in the case of the problem examined by Sangani and Acrivos is quite different from those depending upon the orientation of the semi-infinite arrays considered in the present study. This apparent similarity between the two expressions derived by two different methods is partially due to the fact that (as explained in Ref. 27) the cubic symmetry was not fully exploited in the solution of Sangani and Acrivos. The above expressions for the velocity and pressure were suitably truncated and the resulting equations were solved numerically. We first present the results for Ka for the case of a finite number Nt of planar arrays. Because of the symmetry about the midplane, we have given the values of K a for only one-half the number of arrays in Table III . Since the maximum deviation in the drag on the spheres in different planes is seen at X = I, only the results for larger X are presented. The results for Nt = 1 correspond to the case of a single planar array. We find that the drag force on a single planar square array is surprisingly close to that for an infinite simple cubic array as determined by Zick and Homsy22 and Sangani and AcrivOS.23 Thus, for example, the K values at x = 0.9 and 1.0 for the square planar arrays are 20.2 and 43.9 compared with the corresponding values of 20.1 and 42.4 for the simple cubic array as determined by Sangani and Acrivos. Thus we conclude that the effect of the presence of another row of spheres at a distance greater than 2h is very small as long as this second row of spheres is aligned exactly behind the first and consequently the entrance flow region for the simple cubic arrays is very small.
The results for the body-centered cubic arrangement show that, unlike the case of a simple cubic array, the drag force on the first row of spheres is much smaller than that on the second or third row of spheres. Calculations with a larger Nt showed that for this array, the drag force on the second row of spheres is the greatest although the difference among the subsequent rows is indeed very small. Thus the numerical results confirm the findings of Ishii who, as mentioned earlier, considered the case of very small volume fractions of the spheres. We also found that the results for the finite number of planar arrays in a face-centered cubic arrangement are qualitatively similar to those of a body-centered cubic arrangement.
In view of our observations with a finite number of planar arrays, it seems that the situation of the semi-infinite array can be simulated simply by considering a case of finite Nt of, say, O( 10). The results of numerical computations with Nt = 11 (except for a few cases at higher X for which Nt = 13 was chosen) for various arrays are given in Table IV where the drag forces on the four outermost rows of spheres are given owing to space consideration. The corresponding K values for the infinite cubic arrays are reported in Table II . As in the case of the shear flow we may define a pressure slip coefficient in the following manner. For larger x) we expect the flow to become "fully developed" whereby the pressure, suitably averaged, will decrease linearly with X) ' Thus we expect
where P _ 00 is the pressure in the fluid far upstream of the array and k is the permeability of the bulk as defined in Sec. III. For the sake of definiteness, we shall evaluate the average pressure by taking an average over a two-dimensional unit cell situated at a distance 1/2 from the center of an mth row of spheres, where m is a sufficiently large integer to ensure that the flow is "fully developed" there. With this definition of the pressure slip, and using an overall momentum balance that relates the pressure drop to the drag forces on the spheres, it can be shown that
In practice, since the flow becomes "fully developed" very quickly, m = 6 is sufficient. Thus with Nt = 11, the K value of the sixth row was used as K 00 and P s thus computed are also given in Table IV . We find that for the simple cubic array this quantity is at most 0(0.1) and for the body-and face-centered arrays it is 0(0.5), all of which are quite small and suggest that the entrance lengths for the periodic arrays are less than one-half the unit cell width. Finally, it may be noted that at very low X, the asymptotic analysis of Ishii 16 gives P s = A.sX with A. s equal to -0.0441, 0.1589, and 0.1091, respectively, for the simple, body-centered and facecentered cubic arrays. Our numerical calculations suggest that these estimates are good for X less than 0.1. We now discuss the approximate continuum theories. Here, the mean flow is constant and the pressure gradient is nonzero. Therefore according to the continuum theories we have
where we have taken fJ and fJ· to be unity and k, p, and ¢ have the same meaning as in Sec. III. It can be shown that an integration of the above equation from X I = -00 to x'!'
for both the Brinkman and Chang-Acrivos theories. This result may be also explained as follows. In the case of a periodic array, p(x I) has the same distribution near x) = 0 for positive XI as in the bulk ofthe array, and hence there is no entrance region effect. Thus both theories fail to give a nonzero estimate of the pressure slip. The reason for this failure obviously lies in not accounting for the fact that although p(x l ) near XI = 0 varies in the same manner as in the bulk for the periodic arrays, the permeability in the entrance region can be different than in the bulk. Fortunately, our exact calculations suggest that the entrance region is very small for the complete range of volume fractions and hence the actual numerical values of the pressure slip are indeed small. Thus the failure of the approximate theories should be regarded as minor.
v. THERMAL CONDUCTION
In this section we shall consider the problem of determining the temperature distribution in the entrance region of the heat flux by conduction into a semi-infinite array. The formal solution for this problem can be obtained in terms of the derivatives of'll I' which is the fundamental singular solution of the Laplace equation. Unlike the problems considered in the Secs. III and IV, however, the solution for a semiinfinite array contains a constant that is infinitely large and A. S. Sangani and S. Behl thus has a slightly undesirable feature. To avoid this, we first start with a solution for a finite row, N" of spheres, and since our primary interest here is in determining a quantity Ts [defined via (97) ] related to the entrance effect, we calculate it first for a finite Nt and then take the limit as Nt -+ 00 • Thus we obtain a = N, n = 00 m<n/4 a n -4m
where it is assumed that the temperature gradient far away from the array is unity. It is easy to verify that the above solution is regular at all points outside the spheres. Now we shall require that T = x, as x, -+ -00 so that 4 a=Nt
Since A fo is expected to become a constant for larger a, the constant C{! Nt would have been infinite if we had started with Nt = 00. Now for 1 < m -<N" we expect the temperature field to be "fully developed" near x'(' and we may evaluate the average temperature gradient in the bulk by
which is independent of C(f Nt' Let us assume, with no loss of generality, that the conductivity of the suspending medium is unity and that of the spheres is {3. Since the net heat flux through the array is unity, the overall conductivity of the bulk D * is simply the inverse of the mean temperature gradient calculated above, i.e.,
Now we may define the temperature slip Ts by the following expressions:
The above definition of the temperature slip can be shown to lead to the following formula:
As in Secs. III and IV, the formal solution for the temperature field was suitably truncated and the resulting equations were solved numerically for selected values of X and {3. It was found that Ts approached nearly a constant value for Nt > 9 and m = 5 in almost all the cases considered. The results are presented in Table V . It should be noted that A 10 represents the magnitude of the thermal dipole and may be taken as a representative quantity for determining when the temperature field has become "fully developed." As one might expect, the spheres in the first row are less "polarized" compared to the rest in the case of a simple cubic array and hence the dipole strength monotonically increases with a. behavior of the simple cubic array is different from that of the body-and face-centered cubic arrays. We also note that although Ts becomes zero for {3 = 1, it does not reverse its sign as {3 is decreased further. Finally, since the bulk conductivity becomes infinite as {3-+ 00 and X-+ 1, the numerical calculations become difficult and the results for higher X and {3 may not have converged; this is indicated by enclosing the particular values in parentheses. Now once again we discuss the predictions of the approximate theories. Since the heat flux is taken to be unity, the gradient of the mean temperature in the medium is given by
is the effective conductivity of the medium, which is usually taken as ( 1 (0) Now (99) can be integrated to determine the temperature slip coefficient for both the Brinkman and Chang-Acrivos approximations. Clearly the former gives the value ofthe slip to be identically zero whereas the latter does not even correctly predict the average temperature gradient in the medium since the average of II D(x,) over a three-dimensional unit cell is not equal to 11 D *. Therefore we must modify (100) slightly and take instead (101) into (99) we obtain the correct behavior of (T) for x I > 0 and, in particular, we find that in this case, also, Ts =0. Thus once again the approximate theories have predicted the slip coefficient to be zero while the exact calculations have given small but nonzero values.
We end this section by noting that recently Chang and Acrivos 13 have considered a similar problem in which a random suspension of spheres is in contact with a wall maintained at a constant temperature at x I = 0 and estimated a quantity similar to Ts. Once again this quantity is identically zero for the case of periodic array provided that the wall is exactly 112 distance away from the wall and if we calculate the temperature slip (or offset as referred to by Chang and Acrivos) in the manner defined here. Once again the numerical method presented in this paper can be applied to the case examined by Chang and Acrivos and we expect that the exact calculations will yield rather small numerical values for this quantity.
VI. DIFFUSION ACCOMPANIED BY A CHEMICAL REACTION

A. Statement of the problem and numerical results
As a last application of the planar singular solutions we consider a problem often encountered in the modeling of a reaction in porous catalysts or adsorption columns where it is a common practice to treat the two-phase medium as an effective continuum whose diffusivity is assumed to be a function of the volume fraction of the solid phase and the diffusivities of the individual phases but not that of the reaction rate. Such an assumption appears reasonable if the reaction is sufficiently slow. On the other hand, it is easy to see that replacing the two-phase medium by an effective continuum may not be satisfactory if the reaction is fast or that, even if the two-phase medium can be treated as an effective continuum for the case of moderate reaction rates, the overall diffusivity may be dependent on the rate constant of the reaction. Thus it is of interest to determine the bulk diffusivity of a two-phase medium in the presence of a moderately fast chemical reaction. Unlike the formulation of the problems for determining the overall conductivity or Darcy permeability where one assumes that a unit temperature or pressure gradient is imposed throughout the medium and then determines the average flux through the two-phase medium, the formulation of the problem of predicting the bulk diffusivity of a reacting medium seems to be more difficult as the presence of a chemical reaction, which acts as a sink for the diffusing substance, also requires the presence of a source term throughout the medium to maintain a constant concentration gradient in the medium. Such formulations have been considered by several previous investigators and the reader is referred to the work of Felderhof 28,29 for the references to these efforts. Using one of these formulations, Felderhof has determined what he referred to as the rate constants of the diffusion-controlled chemical reactions for the cases of a random array having small volume fractions of the spheres and for spatially periodic arrays of spheres with arbitrary volume fractions. Since our primary interest in this paper is to assess the effective continuum theories, we shall consider first relatively slow reactions and compare the re-suIts obtained by the exact numerical analysis with those obtained via the approximate theories of Brinkman and of Chang and Acrivos. We find that the Brinkman theory provides better estimates in this case. Next we consider moderately fast reactions and, assuming that the two-phase medium can be regarded as a Brinkman continuum, we determine the effective diffusivity of the reacting medium by matching the decay rates of the mean concentration in the actual twophase medium to that in the Brinkman continuum. The estimates of the diffusivities thus obtained show that the bulk diffusivities of the reacting media are greater than that of the nonreacting media. This observation is further supported by an asymptotic analysis for small X and slow reactions.
Let us assume that the spherical particles in the previous sections are now the sites of a first-order chemical reaction and that the diffusivity of the reactant is P inside the particles and unity outside the particles. We shall assume that the concentrations are sufficiently small so that the fluxes are given by Fick's law. Thus we have 
where the first equation is the continuity of the normal flux at the surface of the spheres, n is the unit normal at the surface of the spheres, and the second equation defines the concentration slip, a quantity that we wish to determine. In certain situations it is more appropriate to assume that the reaction is occurring only at the surface of the spheres and not inside the spheres. In this case we have, in lieu of ( 103) (107) where:71 Jh is the rate constant for the surface reaction. We note that the case of reaction inside the particles reduces to that on the surface if we take P = 00 and:71 = 3:71 J X· A formal solution for c for any point in the suspending medium can be written at once in terms of the function '1'1:
where Ga is the differential operator as before [cf. (41)] with A ~m equal to zero for all m not divisible by 4. It is easy to verify that the above solution satisfies the boundary conditions at infinity and that 
nom where r is measured from the center of the sphere. Here E ~m is related to A ~m simply by 
Here in is a modified spherical Bessel function and i~ is its derivative. We note that for the special case of the surface reaction mentioned earlier we have
Ln = -1, for n> 1 (fJ = co) .
Now the formal solution can be suitably truncated and the resulting unknowns A ~m can be determined numerically for the selected values of X, 81', and fJ by making use of the above relations. The numerical results are presented in Table   VI . We see that C s approaches infinity as X or 81' -+0. This was, of course, expected since the spheres are the only sources of sinks and if their volume decreases then it must be compensated by higher reaction rates or higher c in order that the steady influx of the diffusing species is consumed. However, before we discuss the numerical results further, it proves useful to describe approximate continuum theories for the present situation. Here, the presence of sinks within the spheres must appear as a sink term smeared through the continuum and the average concentration therefore satisfies (118) with (119) Here D ~ is the bulk or overall diffusivity of the reacting medium and DR (x I) is the variable diffusivity of the continuum. Of course, in the case of the Brinkman approximation, for which p = ,p for x I > 0, the two diffusivities are equal to each other and the integration of ( 118) can be carried out analytically yielding
and (121 ) where S is a measure of the decay rate of the concentration in the medium. These simple expressions already suggest the expected behavior at small ,p or X and for slow reactions. For a more precise comparison with the numerical results, however, we need to specify the bulk diffusivity of the reacting medium. As mentioned in the introduction of this section, a common practice is to simply choose the bulk diffusivity to be independent of the rate constant and to be a function of X and fJ only. We expect this to be a reasonable assumption for slow reactions. 
Here 'IIT,ma is 'III evaluated at the vector difference rm -r a with the singular part omitted for m = a. Similar convention applies to the derivative of 'III with respect to X I in ( 125). Now we expect the concentration to decay exponentially with X I and hence seek the solution of the above equations in the form A ~ = Ae -aCT(X) and A fo = Be -aCT(X) ,
where, by comparison with (121), we expect that u = O(X 3 ). Now substitution of (127) into (123)- (126) 
P+2 T l-e-CT
where use has been made of the asymptote LI = (1 -P)/ 
We notice that not all of the terms in the above expression can be derived directly from (137) by substituting gf = 3gf .IX. The reason for this apparent discrepancy lies in the fact that the higher-order terms in (137) which are multiplied by powers of gf can give lower-order terms in the expansion of X upon the substitution of 3gf J X for gf.
VII. CONCLUDING REMARKS
In this paper we have presented the planar periodic singular solutions of the Stokes and Laplace equations and their applications to various transport problems near the "interface" of a porous medium with a continuous-phase medium. The transport processes considered here were (i) a shear flow past a porous surface; (ii) a flow in the entrance region of a porous medium; (iii) a heat conduction in the entrance region; and (iv) a diffusion accompanied by a chemical reaction. The results of the exact analysis of each of the above processes were compared with the predictions of two approximate continuum theories referred to as the Brinkman and Chang-Acrivos approximations. It was found that in case (i) the Brinkman approximation gave reasonably good estimates of the velocity slip coefficient and the velocity decay rates up to ¢ = 0.15 for all three cubic arrays and that the Chang-Acrivos approximation gave excellent estimates for nearly the complete range of ¢J. The agreement for the pressure and temperature slip coefficients in the case of problems (ii) and (iii) with the approximate theories, however, was not satisfactory in that the approximate theories predicted zero values for these coefficients whereas the exact analysis yielded small nonzero values. Since in the case of a periodic array, the particle distribution function near the "interface" is essentially the same as in the bulk, the approximate theories estimate the entrance length related effective properties to be the same as in the bulk and thereby give the estimates of the entrance lengths to be zero. In view of the fact that the exact analysis showed that the entrance lengths in problems (ii) and (iii) are less than approximately one unit cell width, we must regard the approximation made in the continuum theories as quite reasonable. Finally, since the estimates of the bulk diffusivities of reacting media were not available we restricted ourselves to the comparison of the exact numerical results with the approximate theories for slow to moderately fast reactions where the bulk diffusivities are not too different from the diffusivities of nonreacting media. We found in this case that although both approximate theories gave reasonably good estimates of the concentration slips for a fairly wide range of X, the approximate theory of Brinkman gave more accurate estimates than the theory of Chang and Acrivos. Brinkman theory was also employed to obtain the estimates of the bulk diffusivities of reacting media.
In addition to the problems studied here, the planar singular solutions can also be employed in the study of a number of other problems. Essentially all the problems concerned with the determination of the bulk properties that required the triply periodic singular solutions developed by Hasimot0 21 can also be solved using the planar singular solutions. The latter gives more flexibility in studying the arrays that do not have cubic symmetry and may, in particular, be more useful in studying the transport processes in random suspensions. We have recently found a formal solution for the velocity field for N randomly arranged spheres per unit planar cell and we are currently using this solution to obtain estimates of various transport properties of disordered systems.
